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We analyse the evolution of the rotational type cosmological perturbation in a gravity with general
quadratic order gravitational coupling terms. The result is expressed independently of the generalized
nature of the gravity theory, and is simply interpreted as a conservation of the angular momentum.
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I. INTRODUCTION
In a series of work we have been investigating the evo-
lution of cosmological perturbations in a gravity with
quadratic order curvature correction terms
S =
∫
d4x
√
−g
[
1
2
(
R +AR2 +BRabRab
)
+ Lm
]
, (1)
where Lm is the matter part Lagrangian. The gravi-
tational field equation is presented in Eq. (2) of [1].
In contrast with the situation with generalized f(φ,R)
gravity in Eq. (27), the gravity with Ricci-curvature
square term in the action does not have the conformal
symmetry to Einstein gravity [2]. In [1] we analysed the
gravitational wave and derived a fourth order differen-
tial equation. However, for the background equation we
have a symmetry between the R2 and RabRab terms; the
effects of the two terms appear in a common manner in
the background equation, see Eq. (22).
In this paper, we will analyse the vector type pertur-
bation. In contrast with the gravitational wave studied
in [1] we will find that the Ricci-curvature square term
does not add any new feature to the evolution of the
vector type perturbation: the rotational perturbation is
described by the angular momentum conservation inde-
pendently of the generalized nature of the gravity theory.
The main result is Eq. (26) which is the same equation
valid in Einstein gravity with A = 0 = B.
Since the analysis for RabRab term is new, we present
the necessary details for the derivation in the Appendices.
We take the same convention as [1].
II. THE ROTATIONAL TYPE PERTURBATION
As the background universe model we consider a spa-
tially flat, homogeneous and isotropic spacetime. Out of
the three (the scalar, vector and tensor) types of general
perturbations, in this paper, we consider only the trans-
verse vector type perturbation. To the linear order, due
to the symmetry in the background, the three types of
perturbations decouple from each other and evolve inde-
pendently. The tensor type perturbation was considered
in [1], and the scalar type of perturbation will be consid-
ered in future. The cosmological metric with the general
vector type perturbation is
ds2 = −a2dη2 − a2Bαdηdxα
+a2
(
δαβ + 2C(α,β)
)
dxαdxβ , (2)
where a(η) is a cosmic scale factor. Bα(x, η) and Cα(x, η)
are transverse perturbed order variables based on a met-
ric δαβ . Except for the gauge redundancy, these variables
represent the rotational type metric perturbations with
Bα,α ≡ 0 ≡ Cα,α. The inverse metric, the connection,
and the curvatures based on the metric in Eq. (2), which
are valid to the linear order in Bα and Cα, are summa-
rized in the Appendices.
Now, we discuss the energy momentum contents sup-
porting the rotational perturbation. The variation of the
matter part Lagrangian leads to the energy momentum
tensor as δ(
√−gLm) ≡ 12
√−gT abδgab. We can decom-
pose the energy momentum tensor covariantly as
Tab = µuaub + phab + qaub + qbua + piab, (3)
where hab ≡ gab + uaub, qaua ≡ 0 ≡ piabub, and piaa ≡ 0;
for the covariant set of equations, see [3]. The four vector
ua is decomposed as
u0 ≡ a−1, u0 = −a,
uα ≡ a−1V α, uα = a(Vα −Bα). (4)
We decompose the energy flux qa as q0 = 0 and qα ≡
aQα. Vα and Qα are based on δαβ with V
α
,α ≡ 0 ≡ Qα,α.
In the perturbed set of equations, Vα and Qα always ap-
pear together in a combination Vα + Qα/(µ + p). The
energy frame condition qα ≡ 0 corresponds to taking
1
Qα ≡ 0, whereas the normal frame condition uα ≡ 0
corresponds to taking Vα − Bα ≡ 0, [4]. The combina-
tion Vα +Qα/(µ+ p) counts for the general dependence
on frames. The vorticity tensor ω¯ab and the shear tensor
σ¯ab of the four vector flow ua are introduced as [3]
ω¯ab ≡ hc[ahdb]uc;d, σ¯ab ≡ hc(ahdb)uc;d −
1
3
habu
c
;c, (5)
where t[ab] ≡ 12 (tab − tba) and t(ab) ≡
1
2 (tab + tba). The
vorticity tensor ωab and the shear tensor σab based on the
frame invariant four vector flow uEα ≡ uα + qα/(µ + p)
can be shown as
ωαβ = u
E
[α,β] = a
(
V[α,β] +
Q[α,β]
µ+ p
−B[α,β]
)
,
σαβ = a
(
V(α,β) +
Q(α,β)
µ+ p
+ C′(α,β)
)
. (6)
The energy momentum tensor becomes
T 0α = (µ+ p)
(
Vα +
Qα
µ+ p
−Bα
)
, δTαβ = Π
α
β , (7)
where we let piαβ ≡ Παβ and consider Παβ as based on δαβ .
µ and p are the energy density and the pressure based on
ua as
µ ≡ Tabuaub = −T 00 , p ≡
1
3
Tabh
ab =
1
3
Tαα . (8)
To the linear order, µ and p are frame invariant, [4].
III. THE GAUGE ISSUE
Under the gauge transformation xˆa = xa + ξ˜a(xe) the
metric transforms as
δgˆab = δgab − gab,cξ˜c − gcbξ˜c,a − gacξ˜c,b, (9)
and similarly for the energy momentum tensor Tab. We
consider the vector type transformation, thus ξ˜0 ≡ 0 and
ξ˜α ≡ ξα with ξα based on δαβ and ξα,α ≡ 0. From the
gauge transformation properties of the metric and the
energy momentum tensor we can show that
Bˆα = Bα + ξ
′
α, Cˆα = Cα − ξα,
Vˆα +
Qˆα
µ+ p
= Vα +
Qα
µ+ p
+ ξ′α, (10)
and Παβ is gauge invariant. Thus, we have three dif-
ferent gauge conditions: the condition Bα ≡ 0 or
Vα + Qα/(µ + p) ≡ 0 does not fix the gauge condition
completely, whereas, the Cα ≡ 0 condition completely
fixes the gauge condition. Thus, without losing general-
ity we can take Cα ≡ 0 as a preferred gauge condition; we
call this the C-gauge condition, [5]. Under the C-gauge
condition, Bα and Vα +Qα/(µ+ p) are the same as the
following gauge invariant combinations, respectively
Bα + C
′
α, Vα +
Qα
µ+ p
+ C′α. (11)
We have one more gauge invariant combination
Vα +
Qα
µ+ p
− Bα. (12)
IV. HARMONIC DECOMPOSITION
We treat the spatial dependence of the perturbed vari-
ables using the vector type harmonic function Yα intro-
duced as [6]
∆Yα ≡ −k2Yα, Yαβ ≡ −
1
k
Y(α,β), Y
α
,α ≡ 0. (13)
We decompose the perturbation variables as
Bα(x, t) ≡ b(t)Yα(x), Cα ≡ cYα,
Vα ≡ vYα, Qα ≡ qYα, Παβ ≡ ppiTY αβ . (14)
We introduce the following gauge invariant variables:
Vα +
Qα
µ+ p
−Bα =
(
v +
q
µ+ p
− b
)
Yα ≡ vωYα,
Vα +
Qα
µ+ p
+ C′α =
(
v +
q
µ+ p
+ c′
)
Yα ≡ vσYα,
Bα + C
′
α = (vσ − vω)Yα ≡ ΨYα. (15)
From Eq. (6) we have
ωαβ = avωY[α,β], σαβ = avσY(α,β). (16)
The amplitude square of the vorticity and the shear are
defined as
ω2 ≡ 1
2
ωabωab, σ
2 ≡ 1
2
σabσab. (17)
We can show
ω =
∣∣∣∣1avω
∣∣∣∣
√
1
2
Y α|βY[α,β],
σ =
∣∣∣∣1avσ
∣∣∣∣
√
1
2
Y α|βY(α,β). (18)
Thus,
vω ∝ aω, vσ ∝ aσ, (19)
and we can interprete vω and vσ as the velocity variables
related to the vorticity and the shear, respectively; in
[6,2,7] vω and vσ are written as vc and vs, respectively.
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V. EQUATIONS FOR THE COSMOLOGICAL
VORTICITY
Using the quantities presented in the Appendix B (thus
taking the C-gauge) and Eq. (7), the gravitational field
equation in Eq. (2) of [1] becomes:
δT 0α = (1 + 2AR)R
0
α
−B
[
R¨0α + 5HR˙
0
α −
(
2H˙ + 2H2 +
∆
a2
)
R0α
]
= (µ+ p)
(
Vα +
Qα
µ+ p
−Bα
)
, (20)
δTαβ =
1
2a3
[
(1 + 2AR)a2
(
Bα,β +B
|α
β
)]·
−B
[
δR¨αβ + 3HδR˙
α
β −
(
6H2 + 6H˙ +
∆
a2
)
δRαβ
+
(
−6HH˙ − 3H¨ +H ∆
a2
)
1
a
(
Bα,β +B
|α
β
)]
= Παβ , (21)
where R = 6(H˙ + 2H2). The equations for the back-
ground are derived in Eq. (7) of [1]:
H2 + 2 (3A+B)
(
2HH¨ − H˙2 + 6H2H˙
)
=
1
3
µ,
µ˙ = −3H (µ+ p) . (22)
From Eqs. (36,15,13,7,14) we have
R0α =
k2
2a2
ΨYα, δR
α
β = −
k
a3
(
a2Ψ
)·
Y αβ , (23)
T 0α = (µ+ p) vωYα, δT
α
β = ppiTY
α
β , (24)
and Eqs. (20,21) can be combined to give
k2
2a2
{
(1 + 2AR)Ψ −B
[
Ψ¨ +HΨ˙−
(
2
3
R+
∆
a2
)
Ψ
]}
= (µ+ p) vω , (25)
1
a4
[
a4 (µ+ p) vω
]·
= − k
2a
ppiT . (26)
Equation (26) implies the angular momentum conser-
vation: for ppiT = 0 we have ‘angular momentum’
∼ a3(µ+ p)× a× vω ∼ constant in time. Notice that, re-
markably, the angular momentum conservation relation
in Eq. (26) involves neither A nor B in Eq. (1), thus,
does not depend on the character of the generalized na-
ture of the gravity theories.
VI. DISCUSSIONS
The cosmological evolution of the rotational perturba-
tion in Einstein gravity and its simple characterization
by the angular momentum conservation were first pre-
sented in a classic study by Lifshitz in [8]. The extension
of the result to the generalized gravity with an action
S =
∫
d4x
√
−g
[
1
2
f(φ,R)− 1
2
ω(φ)φ;aφ,a − V (φ)
+ Lm
]
, (27)
was presented in [2,7]; φ is a dilaton field. In this case,
instead of Eq. (25), we have
k2
2a2
FΨ = (µ+ p) vω, (28)
where F ≡ ∂f/(∂R), and Eq. (26) remains intact. For
the gravity in Eq. (1) with B = 0, we have F = 1+2AR.
In [9,10] the authors considered instabilities of the homo-
geneous and isotropic world model based on L ∼ f(R)
gravity under the gravitational wave and rotational per-
turbations. The results of both the gravitational wave
and rotational perturbations agree with [2,1] and present
work, respectively. In [9] the author analysed the scalar
type perturbations in L ∼ Rn gravity using the syn-
chronous gauge; recent progress in [11] successfully re-
solved the issue in a simple and unified manner in the
gravity theories in Eq. (27) using the uniform-curvature
gauge. [The referee has informed us the important works
in [9,10].]
The equation for a multi-component situation in Lm
in the context of Eq. (27) is presented in Sec. 5.1 of [7].
The evolution of background universe follows Eq. (22)
where the fluid quantities, µ and p, concern the matter
part Lagrangian. For p ≡ wµ with w = constant we have
µ ∝ a−3(1+w). Thus, for vanishing anisotropic pressure
of the matter part, ppiT = 0, we have
vω ∝ a−1+3w, (29)
thus, vω ∝ a0, a−1, a−4 for the radiation flow (w = 13 ),
the matter flow (w = 0), and the inflationary matter flow
(w ≃ −1), respectively. This result concerning the vor-
ticity does not depend on the generalized nature of the
gravity theories of the types in Eqs. (1,27). The related
disturbances in the metric (Ψ) and the corresponding
shear of the flow (vσ) do, however, depend on the gener-
alized nature of the gravity as in Eqs. (25,28).
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APPENDIX A: LINEAR ORDER QUANTITIES
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The inverse metric (0 = η):
g00 = − 1
a2
, g0α = − 1
a2
Bα,
gαβ =
1
a2
(
δαβ − 2C(α|β)
)
. (30)
The connection:
Γ000 =
a′
a
, Γ00α = −
a′
a
Bα, Γ
α
00 = −Bα′ −
a′
a
Bα,
Γ0αβ =
a′
a
δαβ +B(α,β) + C
′
(α,β) + 2
a′
a
C(α,β),
Γα0β =
a′
a
δαβ −
1
2
(
Bα,β −B
|α
β
)
+
1
2
(
Cα,β + C
|α
β
)′
,
Γαβγ =
a′
a
Bαδβγ + C
α
,βγ . (31)
Riemann curvature:
Rab00 = 0 = R
0
0αβ , R
0
00α = −
(
a′
a
)′
Bα,
R0α0β =
(
a′
a
)′
δαβ +B
′
(α,β) +
a′
a
B(α,β)
+C′′(α,β) +
a′
a
C′(α,β) + 2
(
a′
a
)′
C(α,β),
R0αβγ = B[γ,β]α + C
′
[γ,β]α,
Rα00β =
(
a′
a
)′
δαβ
+
1
2
(
Bα,β +B
|α
β
)′
+
1
2
a′
a
(
Bα,β +B
|α
β
)
+
1
2
(
Cα,β + C
|α
β
)′′
+
1
2
a′
a
(
Cα,β + C
|α
β
)′
,
Rα0βγ = B
|α
[γ,β] + 2
(
a′
a
)2
δα[γBβ] + C
′ |α
[γ,β] ,
Rαβ0γ =
(
a′
a
)′
Bαδβγ +
(
a′
a
)2 (
−Bαδβγ +Bβδαγ
)
+
1
2
(
Bα,β −B
|α
β
)
,γ
+
1
2
(
Cα,β − C
|α
β
)′
,γ
,
Rαβγδ = 2
(
a′
a
)2
δα[γδδ]β
+
a′
a
(
δα[γBδ],β +Bβ,[δδ
α
γ] + δ
α
[γC
′
δ],β + C
′
β,[δδ
α
γ]
)
+2
(
a′
a
)2 (
δα[γCδ],β + Cβ,[δδ
α
γ]
)
+
a′
a
δβ[δ
[
Bα,γ] +B
|α
γ] +
(
Cα,γ] + C
|α
γ]
)′]
. (32)
In the following and the Appendix B we present only the
perturbed parts and ignore the (0,0) components which
give null results to the perturbed order; the results valid
in the background order are presented in the Appendices
of [1].
Ricci curvature: δR00 = 0,
R0α = −
1
2
∆
a2
(Bα + C
′
α) ,
δRαβ =
1
a2
{
1
2
(
Bα,β +B
|α
β
)′
+
a′
a
(
Bα,β +B
|α
β
)
+
1
2
(
Cα,β + C
|α
β
)′′
+
a′
a
(
Cα,β + C
|α
β
)′}
. (33)
Scalar curvature: δR = 0.
Curvature combinations:
δ(RabR
b
a) = 0 = δ(R
cdR0cd0),
RcdR0cdα =
(
a′
a
)2
∆
a4
(Bα + C
′
α) ,
δ(RcdRαcdβ) = −
2
a4
a′
a
(
a′
a
)′
×
[
Bα,β +B
|α
β +
(
Cα,β + C
|α
β
)′]
+
1
2a4
[
−3
(
a′
a
)′
+
(
a′
a
)2]
×
[(
Bα,β +B
|α
β
)′
+
(
Cα,β + C
|α
β
)′′]
. (34)
Covariant derivatives:
δ(R;00) = 0 = R
;0
α,
δ(R;αβ) = −
1
2a2
R′
[
Bα,β +B
|α
β +
(
Cα,β + C
|α
β
)′]
,
✷R = 0 = ✷R00,
✷R0α =
1
a2
{
−R0′′α − 4
a′
a
R0′α
+
[
∆+ 2
(
a′
a
)′
− 4
(
a′
a
)2]
R0α
}
,
δ(✷Rαβ )
=
1
a2
{
− δRα′′β − 2
a′
a
δRα′β +
[
∆+ 2
(
a′
a
)2]
δRαβ
− a
′
a3
[
∆+ 4
(
a′
a
)′
− 4
(
a′
a
)2]
×
[
Bα,β +B
|α
β +
(
Cα,β + C
|α
β
)′]}
. (35)
APPENDIX B: IN TERMS OF t
Using t as the time variable (dt = adη), and taking
Cα ≡ 0 as the gauge condition, we have (H ≡ a˙/a):
4
R0α = −
1
2
∆
a2
Bα, δR
α
β =
1
2a3
[
a2
(
Bα,β +B
|α
β
)]·
, (36)
δR = 0, δ(RabR
b
a) = 0, (37)
RcdR0cdα = H
2 ∆
a2
Bα,
δ(RcdRαcdβ) = −
1
2
(
3H˙ + 2H2
)[1
a
(
Bα,β +B
|α
β
)]·
−1
2
(
7H˙ + 6H2
)
H
1
a
(
Bα,β +B
|α
β
)
, (38)
R;0α = 0, δ(R
;α
β) = −R˙
1
2a
(
Bα,β +B
|α
β
)
, (39)
δ(✷R) = 0, (40)
✷R0α = −R¨0α − 5HR˙0α +
(
2H˙ − 2H2 + ∆
a2
)
R0α,
δ(✷Rαβ ) = −δR¨αβ − 3HδR˙αβ +
(
2H2 +
∆
a2
)
δRαβ
−H
(
4H˙ +
∆
a2
)
1
a
(
Bα,β +B
|α
β
)
. (41)
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